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We argue that the divergence in time for the asymptotic observer occurs because of specifying
the position of the Horizon beyond the Planck scale. In fact, a similar divergence in time will also
occur for an in-going observer in Gravity’s Rainbow, if we again specify the position of the Horizon
beyond the Planck scale. On the other hand, if we accept the occurrence of a minimum measurable
length scale associated with a universal invariant maximum energy scale in Gravity’s Rainbow, then
the time taken by both the in-going and asymptotic observers will be finite.
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The loss of information in the black hole has been an
important problem in quantum gravity [1]. The black
hole complementarity has been an attempt to revolve
this information loss problem [2]. According to black
hole complementarity, an in-going observer will observe
classical metric and cross the Horizon in finite amount of
time. However, the time taken for the in-going observer
will diverge for an asymptotic observer and he will ob-
serve information in form of Hawking radiation. There is
an active debate about the information that an asymp-
totic observer can obtain from the Hawking radiation and
an alternative point of view called the Firewall proposal
has also been recently proposed [3].
All these approaches do not take into account the mod-
ification to the theory that will occur due to Planck scale
phenomena. This might be because it is not possible to
directly analyze Planck scale effects. However, it is pos-
sible to analyze these effects from an effective field theory
perspective. Thus, there will be a remnant behavior of
these Planck scale phenomena for black hole physics at
a lower energy scales. In this paper, we will analyze the
time taken for an in-going observer to cross the Horizon,
as measured by the asymptotic observer and the in-going
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observer, using the remnants of Planck scale effects. All
most all models of quantum gravity predict that it would
not be possible to define spacetime below Planck scale
[4]-[5]. The existence of minimum length will deform the
dispersion relation in special relativity, and the resultant
theory is called the doubly special relativity theory [6]-
[8]. A generalization of the doubly special relativity to
include general relativity, gives rise to Gravity’s Rain-
bow [9]-[10]. In this paper, we will demonstrate that in
Gravity’s Rainbow, the time taken by both the in-going
observer and the asymptotic observer will be finite, if the
measurements are made to the level of accuracy allowed
in the Gravity’s Rainbow. We will argue that the diver-
gence of time for the asymptotic observer occurs because
of specifying the location of Horizon beyond Planck scale.
In fact, we will demonstrate that in Gravity’s Rainbow,
a divergence in time will occur even for an in-going ob-
server, if we try to specify the location of Horizon beyond
Planck scale. However, if we take the idea of Gravity’s
Rainbow seriously, and assume that there is a minimum
length scale which remains invariant for all observers, the
time measured by the asymptotic observer will also be-
come finite. Some recent developments in this field can
be found in [11]-[20].
Now we will explicitly, calculate the time taken by an
in-going observer and an asymptotic observer in gravity’s
Rainbow. The Schwarzschild metric in gravity’s Rainbow
2can be written as
dS2 =
(1− 2G(E)Mr )
f2(E)
dt2 −
dr2
(1− 2G(E)Mr )g
2(E)
−
r2
g2(E)
dθ2 −
r2 sin2 θ
g2(E)
dφ2 , (1)
where we have chosen units such that ~ = 1 and
G(E) = G′(E)/c2 = G′(E)f2(E)/g2(E), where G′(E)
is the scale dependent Newton’s constant and the speed
of light being c = g(E)/f(E) in Gravity’s Rainbow.
Even though there are various choices of phenomeno-
logically motivated Rainbow functions [11]-[20], all these
Rainbow functions can be divided into two classes i.e.,
those Rainbow functions in which it is possible to probe
trans-Planckian physics, and those Rainbow functions in
which it is not possible to probe trans-Planckian physics.
The Rainbow functions proposed by Amelino-Camelia
et.al in [21], to explain hard spectra from gamma-ray
burster’s at cosmological distances are given by f(E) =
(eαE/Ep − 1) × (αE/Ep)
−1 and g(E) = 1. Hence, they
form an example of those Rainbow functions in which it is
possible to probe trans-Planckian physics, if α = 1. The
Rainbow functions in which it is not possible to probe
trans-Planckian physics can be sub-divided into those
Rainbow functions for which g(E)/f(E)→ 0 as E → Ep,
and those for which g(E)/f(E) 6= 0 as E → Ep. In the
later case both f(E) and g(E) can diverge individually
but the limit g(E)/f(E) 6= 0 asE → Ep, holds. However,
their divergence restricts the analysis of trans-Planckian
physics. The Rainbow functions proposed by Magueijo
and Smolin consistent with a constant velocity of light are
given by f(E) = g(E) = (1 − λE/Ep)
−1 [6]. For λ = 1,
they form an example of those Rainbow functions for
which g(E)/f(E) 6= 0 as E → Ep, but it is not possible
to probe trans-Planckian physics. Finally, the Rainbow
functions proposed by Amelino-Camelia et.al in [22]-[23]
are given by f(E) = 1 and g(E) =
√
1− η(E/EP )n.
They form an example of those rainbow functions for
which g(E)/f(E) → 0 as E → Ep, if η = 1. In this pa-
per, we will demonstrate that for this class of Rainbow
functions, the black hole information paradox can be re-
solved. These Rainbow functions proposed by Amelino-
Camelia et.al in [22]-[23], are consistent with loop quan-
tum gravity and non-commutative geometry [6]. Hence,
we can state the main conclusion of this paper is that the
deformation of the energy-momentum dispersion relation
by loop quantum gravity or the non-commutative geome-
try can lead to a resolution of the black hole information
paradox. As non-commutative geometry is closely related
to string theory [24], it can be stated that deformation
of the energy-momentum dispersion because of stringy
effects can lead to a maximum energy scale in the low
energy effective theory and which in turn will lead to a
resolution of black hole information paradox. In fact in
string theory, it is not possible to probe spacetime below
string length scale [25]. So, string theory comes natu-
rally equipped with a minimum length scale, and this
also corresponds to a maximum energy scale, which in
turn restricts the analysis of trans-Planckian physics. It
may be noted that our analysis is based on the existence
of a maximum energy scale which restricts the analysis of
trans-Planckian physics, and so, our analysis is not valid
for those choices of Rainbow functions in which it is pos-
sible to probe trans-Planckian physics. Now we choose
the Rainbow functions for our analysis to have the par-
ticular form, f(E) = 1 and g(E) =
√
1− (E/EP )n .
We continue to write f(E) and g(E) throughout this pa-
per, but we refer to this choice. This choice of Rainbow
functions was also initially proposed by Amelino-Camelia
et.al in [22]-[23], to show that certain data analysis pro-
vides sensitivity to effects introduced genuinely at the
Planck scale. It may be noted that in the limit E → EP ,
we obtain g(E) → 0, and in the limit E → 0, we obtain
g(E) → 1, which may be considered as the asymptotic
limit when we get back general relativity. In the original
formalism of Gravity’s Rainbow by Magueijo and Smolin
[9], Newton’s constant did not dependent on energy, and
all the energy dependence was absorbed in to the Rain-
bow functions. However, there is no reason to limit the
energy dependence in this way, and as there is a choices
in choosing phenomenologically motivated Rainbow func-
tions [11]-[20], it is possible to new Rainbow functions in
such a way that the Newton’s constant is taken to be
energy dependent. We will perform our analysis using
this formalism of Gravity’s Rainbow, where the Newton’s
constant is energy dependent.
Now if the energy Ep is required to probe spacetime at
a length scale LP , then in Gravity’s Rainbow we can not
probe spacetime below this length scale. This is because
we will require a energy greater than Ep to do that, and
that is not allowed in Gravity’s Rainbow. We can only
specify measurement of distances to an accuracy of Lp.
So, we have to limit the resolution to which a distance
can be measured. Thus, we introduce an expression to
indicate the resolution to which an quantity is measured.
So, for a quantity Q, the expression 〈Q〉 = Qp, indi-
cates that the quantity Q is measured to the accuracy
Qp. In other words, the minimum measurable value of Q
is Qp and not zero. For example, in Gravity’s Rainbow
〈1/E〉 = 1/Ep, as there is a maximum value for the en-
ergy in Gravity’s Rainbow, there is also a minimum value
for 1/E in Gravity’s Rainbow. However, we can now ex-
press this in terms of a minimum distance L, or the scale
at which spacetime will be probed by an particle of en-
ergy E. So, we can write for any particle with energy E,
the minimum distance or the scale at which spacetime
will be probed is given by, 〈L〉 = Lp. As this holds for
any position in spacetime, it also holds for the Horizon.
So, we can only specify the position of the Horizon with
the accuracy, 〈r−2G(E)M〉 > Lp. If we try to specify the
position for the Horizon with greater accuracy, we would
have to probe distances smaller than 〈r−2G(E)M〉 > Lp,
but this would require an energy greater than Ep, which
is not allowed in Gravity’s Rainbow. In fact, in Grav-
ity’s Rainbow the manifold structure of spacetime breaks
3down at E = Ep, due to the divergence of the Rainbow
functions. Hence, we can only specify the position of the
Horizon with the accuracy 〈r − 2G(E)M〉 > Lp.
It may be noted that the divergence in time for an
asymptotic observer occurs when we measure the space-
time with arbitrary accuracy, i.e., 〈r − 2G(E)M〉 = 0,
but this can only be done if there is no maximum energy
scale in the theory. The existence of a maximum en-
ergy scale prevents the measurement of spacetime with
arbitrary accuracy, such that 〈r − 2G(E)M〉 > Lp. We
will now demonstrate that limiting the measurement of
〈r − 2G(E)M〉 > Lp will make the time for asymptotic
observe finite. On the other hand if we measure distance
with the accuracy, 〈r − 2G(E)M〉 = Lp, the time for
both the asymptotic and the in-going observers will di-
verge due to g(E)→ 0 as E → Ep, before it can diverge
for the asymptotic observer at 〈r − 2G(E)M〉 = 0, due
to effects coming from general relativity. So, the main
finding of this analysis is that the divergence of time for
the asymptotic observer occurs because of specifying the
position of Horizon with arbitrary accuracy, and this is
not allowed in Gravity’s Rainbow. Hence, the time for
an asymptotic observer will also be finite in Gravity’s
Rainbow.
For an incoming particle radially falling into the black
hole with velocity vµ = dxµ/ds, we have v2 = v3 = 0, due
to the radial nature of its motion. The geodesic equation
in Gravity’s Rainbow can be written as
dv0
ds
= −Γ0µν(E) v
µvν . (2)
This equation can be integrated to give
v0 =
kf2(E)
(1− 2G(E)Mr )
, (3)
where k is a constant. We also have the normalization
condition gµνv
µvν = 1. Now we can easily calculate the
radial component of the velocity as
v1 = −g
(
k2f2(E)− 1 +
2G(E)M
r
)1/2
(4)
As the particle is falling in so v1 is negative, and
dt
dr
=
v0
v1
= −
kf2(E)
g(E)
(
1−
2G(E)M
r
)−1
×
(
k2f2(E)− 1 +
2G(E)M
r
)−1/2
. (5)
Thus, we get an expression for time for an asymptotic
observer,
t = −
2Mf(E)
g(E)
log(r−2G(E)M)−
(2k2f2(E) + 1)r
2f(E)g(E)k2
+C .
(6)
where C is a finite integration constant. This time di-
verges at r − 2G(E)M = 0, however, we cannot make
measurements with such an accuracy. This is because
this would imply, 〈r − 2G(E)M〉 = 0, and it will take
energy greater than Ep to make measurements with such
an accuracy. So, it is not possible to specify a distance
with the accuracy more than the Planck length in Grav-
ity’s Rainbow, because an energy greater than Planck
energy is required to do that, and this would make the
Rainbow functions vanish, breaking the spacetime de-
scription all together. In fact, a central assumption in
doubly special relativity and hence in Gravity’s Rainbow
is that there is an invariant energy scale which remains
same for all the observers. So, in Gravity’s Rainbow we
can not measure spacetime with arbitrary precision, as
it would require an energy greater than Ep to do that.
We can only put 〈r − 2G(E)M〉 > Lp. Now if ǫ is any
suitable small parameter with dimensions of length, we
can write 〈r− 2G(E)M〉 = Lp+ ǫ. It may be noted that
in the limit, ǫ→ 0, we have 〈r − 2G(E)M〉 = Lp. It will
require an energy Ep to probe spacetime at this scale,
and this will cause g(E) to diverge, leading to the diver-
gence of time for the asymptotic observer. However, for
〈r − 2G(E)M〉 > Lp, and hence, ǫ 6= 0, we have
t = −
2Mf(E)
g(E)
log(Lp+ ǫ)−
(2k2f2(E) + 1)r
2f(E)g(E)k2
+C . (7)
Thus, we obtain a finite time for the in-going observer.
The particle takes finite time to reach the event hori-
zon even when measured by an asymptotic observer. It
may be noted that the time diverges due to Rainbow
functions, t → ∞, as 〈r − 2G(E)M〉 = Lp because of
g(E) → 0, much it diverges due to effects coming from
general relativity which occur at 〈r − 2G(E)M〉 = 0. In
fact, in Gravity’s Rainbow it is not even allowed to take
〈r−2G(E)M〉 = 0, as it contradicts the existence of max-
imum energy. Thus, the divergence of time occurs, if the
position of Horizon is specified with an accuracy beyond
that which is allowed in Gravity’s Rainbow.
In fact, it is possible to demonstrate that such a di-
vergence occurs even for an in-going observer at 〈r −
2G(E)M〉 = Lp, and this is an evidence that it occurs
due to specifying the position of Horizon beyond Planck
scale. Now we will analyse a non-static system by making
the following transformation
τ =
t
f(E)
+m(r),
ρ =
t
f(E)
+ n(r). (8)
Here we follow the method as adopted in [26], and choose
suitable functions m and n, such that
m′ =
2G(E)M
r
n′,
m′
2
−
2G(E)M
r
n′
2
= −
1
(1− 2G(E)M/r)g2(E)
, (9)
where prime means derivative with respect to r. Now we
4obtain
dτ2 −
2G(E)M
r
dρ2 =
(1− 2G(E)Mr )
f2(E)
dt2
−
dr2
(1− 2G(E)Mr )g
2(E)
, (10)
Solving this equation for n′ and m′, we obtain
n′ −m′ =
1
g(E)
√
r
2G(E)M
. (11)
So, we obtain our radial coordinate as
r = ξg2/3(E)(ρ− τ)2/3 , (12)
where ξ = (3
√
2G(E)M/2)2/3, and the metric can be
written as
ds2 = dτ2 −
2G(E)M
ξg2/3(E)(ρ − τ)2/3
dρ2
−
ξ2(ρ− τ)4/3
g2/3(E)
(dθ2 + sin2 θdφ2) . (13)
Thus, we obtain
(ρ− τ) =
4G(E)M
3g(E)
. (14)
This is finite in general relativity [26], if we neglect the
effect of the Rainbow functions. However, in Gravity’s
Rainbow we have to again limit the accuracy with which
the position of the Horizon is specified to 〈r−2G(E)M〉 >
Lp. This is because, we will require an particle with
energy Ep to specify the position of Horizon with the
accuracy, 〈r − 2G(E)M〉 = Lp. However, in the limit
E → Ep, the Rainbow function g(E)→ 0, and thus (ρ−
τ) = 4G(E)M/3g(E) → ∞. So, the time even diverges
for an in-going observer, if the position of the Horizon
is specified with accuracy 〈r − 2G(E)M〉 = Lp. Thus,
in Gravity’s Rainbow, the time taken by the in-going
observer would also diverge, if the position of Horizon is
specified beyond the Planck scale. This fits well with the
idea that the divergence in time is actually an signal of
breakdown of spacetime description of quantum theory
of gravity, which occurs because of specifying a point in
spacetime beyond the Planck scale.
This result makes more sense in the light of effective
field theories. Both general relativity and Gravity’s Rain-
bow are effective theories of some true theory of quantum
gravity. Now usually there are no special points in the
geometry of spacetime, and hence, the Gravity’s Rain-
bow would agree with general relativity. But in case of a
black hole, as the Horizon is a set of very specific point
in spacetime, Gravity’s Rainbow predicts that spacetime
description breaks down at this scale, and hence it is not
allowed to measure the point in spacetime with such an
accuracy. So, effectively in Gravity’s Rainbow, the in-
going particle takes only a finite time to cross the Hori-
zon. In fact, a similar effect even occurs for an in-going
observer in Gravity’s Rainbow, and the time measured by
an in-going observer also diverges, if the exact position of
the Horizon is specified. Thus, the divergence of time is
an general feature which occurs because of specifying the
Horizon beyond the Planck scale. On the other hand, if
we specify the Horizon, within the limits in which space-
time description still holds, then the time measured by
both the in-going observer and the asymptotic observer
is finite.
This picture becomes more clear in the light of pertur-
bative string theory. This is because a measurable mini-
mum length can also be inferred from perturbative string
theory. However, in perturbative string theory, string
scattering amplitudes are measured on a fixed back-
ground spacetime. The back reaction of the string theory
effects on the geometry and topology of the background
spacetime, would bring the discussion out of domain of
perturbative string theory into some non-perturbative ef-
fects in string theory. The perturbative string theory also
implies the existence of a minimum length scale, and this
is because even though there is no cut off in geometry of
spacetime in perturbative string, there is an effective cut
off in the ability to probe this spacetime [25, 27, 28].
As in string theory, strings are used to probe spacetime,
so, it is impossible to probe spacetime below the string
length scale. In perturbative string theory the Horizon
does form, however, we never know when the string ac-
tually cross it, and this makes the time measured by the
asymptotic observer finite. It is similar to the double slit
experiment in quantum mechanics. Even though there
is only one particle and two slits, if we can not know
through which slit the particle pass through, it is as-
sumed to pass through both of them. In the same way,
even though there is a Horizon, as we can never know
when a string cross it, so effectively, it appears as if there
is no Horizon.
Thus, the black hole information paradox can be re-
solved without any need for black hole complementarity
or Firewall, if the idea of minimum length is taken seri-
ously. It may be noted that we have not discussed the
effect on Hawking radiation from the existence of min-
imum length. It is both important and interesting to
understand what happens to Hawking radiation. It may
also be noted that the surface temperature of a black
hole is known to be vanishing in Gravity’s Rainbow as
the black hole mass reaches a remnant state at which the
specific heat also vanishes [20], and this is an indication
of the fact that effectively the Horizon does not form for
the black holes. In fact, effectively a Horizon can never
form for any effective field theory on spacetime generated
from Gravity’s Rainbow. This is because the Horizon is
an exact set of points in spacetime, however, the metric
structure of spacetime breaks down at Planck scale, and
so, it is not possible to specify a set of points in spacetime
exactly.
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